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Classical Fisher information

Fisher information for a specific measurement POVM

7= S P () L P(EA) = Tr(TIpy).
§

Cramer-Rao bound (5 A > 1 ’
o \/ vy

V is the number of repetition times



Quantum fisher information (QFI)

QF1I optfimized over all possible POVM measurements

1L, < F).

8p)\
Fy = Tr[psL7], N

1
5(13;0)\ + oA L).

symmetric logarithmic derivative

Quantum Cramer-Rao bound C(unbiased estimation)
Closedly related to the Heisenberg uncertainty relations

1
~ VUF\




Criticality-based quantum metrology

time-independent Hamiltonian

Seminorm
|H| = My — my,
maximum (minimum) eigenvalue of H.

Fisher information is less or equal than tA2*seminormA?2



Exceptional point (EP)

coalescence of both eigenvalues
and eigenstates, ZS|BJ4ERURD

EP sensor proposal

EP sensor experiment



Time-dependent unitary parameter encoding

pA(t) = UA(0 = D)poUS (0 = 1), T (0 1) = Te o Fre)ds,
H, (t) is the parameter encoding generator

Tu

p(0) = [¥o){(¥o
QFL Iy () = 4((Wo|h2 ()W) — [(To|ha (£)|To)[?)
= 4Var|h)(1)]||w,)

0
Local generator h)\ (t) — ’(,UAT (0 — t) aU)\ (0 —> t),



Hermitian Local generator

0

h(t) = iU (0 — t) o

U)\(O — t)

10Uy /0t = H)\Uj,

ouUT
' = -U'H
"ot

H =i0,UU" = —iUd,UT.



Time Derivative of Local Generator

Oh OH, (1)
= U0 —t Uy (0 = t),
Ohx . 0U O (HU)
or — U Hex TV s
_ _uiglY L gigll g
= —U'Ho++U'Ho+ +U'==U
_ vty



Form of the Local Generator

b (1) = /0 0 s 8%3(3) Us(0 = 5)ds.




||A]| = My — my

Variance 1s bounded by the seminorm

Fy(t) = 4((To|h5 ()| o) — [(To|hx(t)|T0)|*)
= 4Var[hA(t)]\|\p0),

Fa(t) < ||ha(d)]]? = F\°(¢),

channel QFI  optimized over probe states  maximal QFI



Three types of Fisher informations

probe state

measurement

Fisher oA .
formation 7y specific specific
QFI F)y specific optimized
c oy _
channel QFI F)E ) optimized optimized




Seminorm of local generator

ha(t) = /0 0= s) 8%3(8) Uy(0 > 8)ds.

triangle inequality ||/ii -+ BH < ||/zi|| + ||B||

\4

t H 1| 0H
||h>\(t)||§/ U}:(O—>s)6 A(S)UA(0—>3) ds:/ A(5) ds,
0 O\ 0 %))

S. Pang and A. N. Jordan, Optimal adaptive control for
quantum metrology with time-dependent hamiltonians,
Nat. Commun. 8, 1 (2017).



QFI inequality chain

QFI bound

Inequality chain

B t
F\(t) < /
| JO

- t
Iy < F\ < F\? < /
L JO

8H)\(8)

O\

ds

8H)\(S)

O\

ds




0

Sensitivity limits

1

>
T t 3H;& S
Vv |, ax( )

spectral width

ds'



QFI flow



QFI flow bound

Fy(t) = 4((¥o|R5 (t)[¥o) — [{Tolha(t)|¥o)|?)
= 4Var[h)\(t)]\|\p0>,

Varl Al < [|4]1?/4.

\([A;BDI?

> Cov’(A,B) A 1

‘COV(A,B)‘ < \/Var(ﬁ)Var(E).



QFI flow bound

8F1/ 2

=177




QFI flow

SCIS|FE
468




From non-unitary to unitary dynamics

Dynamical process, reduced dynamics

Rs : ps(0) — ps(t),

Mapped unitary dynamics enlarge the quantum system

M(US,E) — Rg.

Hermitian Hamiltonian

Us g — Hiot,

Perturbation contains the parameter

Hiot+Hi (N, t), 1. Hermitian
2. only couples to system



Ultimate sensitivity bound

Hy(t) = Hs(\t) + Hg(t) + Hsp(t),

System environment interaction

I:_TS()\, t) = Hi(\,t)+Hy(t), the parameter only couples to the system
described by a Hermitian Hamiltonian

o1  0A

the ultimate sensitivity cannot be improved by:

ultimate sensitivity bound 1. coupling to the environment
2. adding the auxiliary Hamiltonian

The non-Hermitian quantum sensor will not outperform its Hermitian
counterpart in the ultimate sensitivity.

W. Ding, X. Wang, and S. Chen,, PRL 131, 160801 (2023)(5] A113).
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Non-Hermitian Hamiltonian

H

- 0 05
8_8)\(5)\ 0

N

to estimate A

Simulated by the dilated two-qubit system

Hior = b1 ® 6% — c6!” @ 61°) + M@ @ 6

W) = (\/fj;'(’)“ + \/ui:—zs“)“) ® |0)s.
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i B cos(Ext) not normalized
¥)s = 71005 = ( — i sin(Ext) ) ’

1
1+ 62 tan? (Ext)’

normalized population S(\t) =

divergence of the
susceptibility

when € - 0

eigenstate coalescence






Sensitivity

Probability in state [0,) & |0;)

l+¢ \/ 8c(1 4+ ¢)w
P = t4/ A% 4 -4e(1 2
1= g, o8 T 9, e(l+¢e)w

uncertainty due to projection measurement

PRl EAT A FRIX

P (1—-P) spin projection noise

Var|P;| = y ) binomial distribution

sensitivity (error propagation formula)

\/ Var P1 -

6P1 | ) H




No divergence in the sensitivity

the measurement point

/

the smaller,
fthe better.

Hermitian counterpart

~

V = M@ g s

1

1 __
A2 Torlleall = v




EP based sensor using single trapped ion

Periodically driven PJ -symmetric non-Hermitian Floquet system

Hp1 = J|1 + cos(wt)|6, + il'6,,
Hamiltonian implemented in the experiment
Hyr = Hpy — il

Perturbation

A 0

H5 — 5 cos(w(;t) (IA — 6-2)7 to estimate wg

L. Ding, K. Shi, Q. Zhang, D. Shen, X. Zhang,
and W. Zhang, Experimental determination of P7T-
symmetric exceptional points in a single trapped ion,

Phys. Rev. Lett. 126, 083604 (2021).



Response energy

PJ (T) — PI‘ (T) — Sil’l2 (gresT)a

measurable quantities

spin population measurement

T 2 . 2
(1| TemH o HrprOHLOL)

(= (i 7 Ut o+ o1 1D+ 1)

V2 V2




Propagation of uncertainty

uncertainty in P; and Pr Cy = 2T
Var[ﬁi] = F(Co— P) ,with 1 = J, T, due to Hpy in experiment
14

propagation of uncertainty
Var[f(X)] ~ (f'(E[X]))*Var[X],

valid when VarlX] is small enough

1 Var[P;] + Var[Py]
472 (PJ — Pp)(l — Py + Pp)
_ 1 Co(Ps+Pr)— (P +PF)
4wT? (P;— Pr)(1—P;+ Pr)’

Var [é'res] =




Overall sensitivity

\/ Var [Sres

OE e |
8w5

Hermitian counterpart

A o) A
Hs = 5 cos(wst)(I — G,),

o

i .
%5 2 o snlwsT) — woT cos(ws T



Sensitivity

sharp dips near the EP divergence in variance

divergence in susceptibility no divergence in sensitivity



Conclusions

1. We have unveiled the fundamental sensitivity limit for non-
Hermitian sensors in the context of open quantum systems. Our
results indicate clearly that non-Hermitian sensors do not

outperform their Hermitian counterparts.

2. Although our work demonstrates that coupling to the
environment cannot improve the ultimate sensitivity, when
the probe state or the measurement protocol is restricted,
adding appropriate auxiliary Hamiltonian may be helpful

for approaching the ultimate sensitivity bound.
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